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In this paper, we give proofs of the family index formula and the equivariant 
family index formula by the Greiner's approach of heat kernel asymptotics. We 
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■^ ■ 1 Introduction 

in 

en 

r~^ I The first success of proving the Atiyah-Singer index theorem directly by heat kernel 

method was achieved by Patodi [Pa] , who carried out the " fantastic cancehation" (cf. 

(^ . [[MS]) for the Laplace operators and for the first time proved a local version of the 

^^ I Gauss-Bonnet-Chern theorem. Nextly several different direct heat kernel proofs of 

the Atiyah-Singer index theorem for Dirac operators have appeared independently: 
Bismut [Bil], Getzler [Gel], [Ge2] and Yu [Yu], Ponge [Pol]. All the proofs have their 

^ I own advantages. Motivated by the problem of generalizing the heat kernel proofs of 

the index theorem to prove a local index theorem for families of elliptic operators, 
Quillen [Qu] introduced the concept of supereonnections, and this was developed by 
Bismut to give a heat kernel representation for the Chern character of families of first 
order elliptic operators. Then using his probabilitistic method, Bismut [Bi2] obtained 
a proof of the local index theorem for families of Dirac operators. In [BVl] , [Dol] , they 
gave two different proofs of local index theorem for families of Dirac operators. Using 
the method of Yu, Zhang gave another proof of the local index theorem for families 
of Dirac operators in [Zl]. The first purpose of this paper is to give another proof of 
the local index theorem for families of Dirac operators by the Ponge's method. 

The Atiyah-Bott-Segal-Singer index formula is a generalization with group action 
of the Atiyah-Singer index theorem. In [BV2], Berline and Vergne gave a heat ker- 
nel proof of the Atiyah-Bott-Segal-Singer index formula. In [LYZ], Lafferty, Yu and 
Zhang presented a very simple and direct geometric proof for equivariant index of the 
Dirac operator. In [PW], Ponge and Wang gave a different proof of the equivariant 



index formula by the Greiner's approach of the heat kernel asymptotics. In [LM], in 
order to prove family rigidity theorems, Liu and Ma proved the equivariant family 
index formula. The second purpose of this paper is to give another proof of the local 
equivarint index theorem for families of Dirac operators by the Greiner's approach of 
the heat kernel asymptotics. 

It is known, due to Connes [Co] and an equivalent but convenient version which is 
due to Jaffe, Lesniewski and Osterwalder and known as a JLO formula [JLO], that the 
Chern character of a 0-summable Fredholm module {H, D) over a unital C*-algebra 
A, takes value in the entire cyclic cohomology of A. JLO characters were computed 
in [CMl] and [BIF]. Explicit formula of an equivariant JLO character, associated to 
the invariant Dirac operator, in the presence of a countable discrete group action on 
a smooth compact spin Riemannian manifold, was given by Azmi, [Azl]. Moreover, 
in [Azl] it was shown that this equivariant cocycle is an element of the delocalized 
cohomology, and it pairs with an equivariant K-theory idempotent. In the case G is 
a compact Lie group, Chern and Hu [CH] gave an explicit formula of an equivariant 
Chern-Connes character, associated to G-equivariant ^-summable Fredholm module. 
In [PW], Ponge and Wang computed equivariant Chern-Connes characters by the 
Greiner's approach of the heat kernel asymptotics. 

On the other hand, Wu [Wu] constructed a bivariant Chern-Connes character for 
(a special class) of 9 summable modules, by incorporating the JLO formula and the 
superconnectiom formalism of Quillen. Wu's bivariant character takes values in the 
bivariant cyclic theory described by Lott [Lo], who constructed it as a combination 
of entire cyclic (co)homology and non commutative de Rham homology of graded 
differential algebra. Then by adopting Wu's method and employing Bismut's super- 
connection together with the canonical order calculus, Azmi [Az2] expressed the local 
formula for families in terms of differential forms on the base and the Chern roots of 
the fibration. In [Z2], Zhang announced a different method to compute the family 
JLO characters by developing the family version of the method in [CH] and [Fe] . In 
the third part of this paper, we give details of the announcement in [Z2] and compute 
the equivariant family JLO characters. 

In [APS], Atiyah, Patodi and Singer proved the Atiyah-Patodi-Singer index theo- 
rem for manifolds with boundary and they introduced the eta invariants. Bismut and 
Freed gave a simple proof of the regularity of eta invariants in [BiF] . In [Po2] , Ponge 
gave another proof of the regularity of eta invariants by the method in [Pol]. Bismut 
and Cheeger generalized the Atiyah-Patodi-Singer index theorem to the family case 
in [BC1,2]. They used the eta form for families of Dirac operators. The regularity of 
the eta form was proved by the probability method in [BiGS]. Donnelly generalized 
the Atiyah-Patodi-Singer index theorem to the equivariant case and introduced the 
equivariant eta invariant in [Do2]. Zhang proved the regularity of the equivariant 
eta invariant by the Clifford asymptotics in [Z3]. In this paper, we firstly prove the 
regularity of the equivariant eta invariant by a similar method in [PW] and introduc- 
ing the Grassmann variable. Then we define the equivariant eta form and prove its 
regularity. 

This paper is organized as follows: In Section 2, we give another proof of the local 



index theorem for families of Dirac operators by the Ponge's method. In Section 3, we 
give another proof of the local equivarint index theorem for families of Dirac operators 
by the Greiner's approach of the heat kernel asymptotics. In Section 4, we compute 
the equivariant family JLO characters. In Section 5, we define the equivariant eta 
form and prove its regularity. 

2 The local index theorem for families of Dirac operators 

2.1 The Greiner's approach of heat kernel asymptotics vi^ith form coeffi- 
cients. 

Firstly we recall the Bismut superconnection. Let M he a, n + q dimensional 
compact connected manifold and B he aq dimensional compact connected manifold. 
We assume that vr : M — )■ B is a submersion of M onto B, which defines a fibration 
of M with fibre G. For y £ B, 7r^^(y) is then a submanifolds Gy of M. TG denotes 
the n-dimensional vector bundle on M whose fibre TxG is the tangent space at x 
to the fibre Gt^x- We assume that M and B are oriented. Taking the orthogonal 
bundle of TG in TM with respect to any Riemannian metric, determines a smooth 
horizontal subbundle T^M, i.e. TM = T" M © TG. Vector fields X e TB wih 
be identified with their horizontal lifts X G T M, moreover T^ M is isomorphic 
to T^tx)B via vr^,. Recall that B is Riemannian, so we can lift the Euclidean scalar 
product qb of TB to T M. And we assume that TG is endowed with a scalar 
product gc- Thus we can introduce in TM a new scalar product gs ® gc-, and 
denote by V the Levi-Civita connection on TM with respect to this metric. Let 
V^ denote the Levi-Civita connection on TB and we still denote by V^ the pullback 
connection on T M. Let V = Pg{SI ) where Pq denotes the projection to TG. Let 
V® = V-^ © V^ and 5 = V^ - V® and T is the torsion tensor of V®. Let SO{TG) 
he the SO{n) bundle of oriented orthonormal frames in TG. Now we assume that 
bundle TG is spin. Let S{TG) be the associated spinors bundle and V^ can be lifted 
to give a connection on S{TG). Let D be the tangent Dirac operator. Let E be 
the vector bundle ■K*{f\T*B) © S{TG). This bundle carries a natural action rriQ of 
the degenerate Clifford module Co(M). The Clifford action of a horizontal cotangent 
vector a G T(M,T^M) is given by exterior multiplication mo(a) = e{a) acting on 
the first factor /\ T^M in E, while the Clifford action of a vertical cotangent vector 
simply equals its Clifford action on S{TG). Define the connection 

V^'® := 7r*V^ © 1 + 1 © V^, (2.1) 

cv{X){Y, Z) := <7(Viy, Z) - g{V%Y, Z), (2.2) 

V^'°:=V:^'® + imo(a.(X)), (2.3) 

for X,Y,Z ^ TM. Then the Bismut Connection acting on r(M, vr* A {B) © S{TG)) 



is define by 
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B = Y^ c{e*)Vff + Y, c{f*)Vff. (2.4) 



J] 



Then by the proposition 10.15 in [BGV], B = D + ^[+]-, where A[_|_] is an operator 
with coefficients in Q>i{B). By Theorem 10.17 in [BGV], we have 



n n 



^ = ^' = -Y.^^'ef? + T.<l. + rc = D- + F,^„ (2.5) 

1=1 1=1 

where vq is the scalar curvature of fibres. For fixed t > 0, define the operator e~*^ 
to equal 

e-*^ = e-*«^+j;(-t)^4, (2.6) 

fc>0 

where 

h= f e-'^"*^V[+]e-'^i*^V[+] • • • e-'^^-i*^V[+]e-'^**^'da, (2.7) 

and the sum is finite. Then 

(^ + F)e-*^ = 0, Fe-*^ = e-*^F. (2.8) 

In the following, we give the Greiner's approach of heat kernel asymptotics with 
coefficients in /\T*B as in [Gr] and [BeGS]. Define the operator given by 

/•oo 

{Qqu){x, s)= e-'^[u{x, t - s)\dt, u G Tc{M, x M, S{TM-,)) ® AT*B, (2.9) 

Jo 

maps continuously u to D'{Mz x 'M.,S{TMz)) ® f\T*B which is the dual space of 
Tc{M-^ X M, S{TMz)) (g) AT*B. By (2.8), we have 

iF + -g-^)Qou = QoiF+-)u = u, ueT,iM,xR,SiTM,))<S)AT:B, (2.10) 
We define the operator 

Q = (F + §-,)-' = (D' + |)-^ + E(-l)'(^' + |)"'[^W(^' + |)"']'' (2-11) 

fe>0 

where {D^ + ^)~^ is the Volterra inverse of D^ + ^ as in [BeGS]. Then 

{F + ^^)Q = I - Ri; Q{F + -^^) = 1 - R2, (2.22) 

where Ri,R2 are smooth operators. Let 

{Qou){x,t)= KQ^^{x,y,t- s)u{y,s)dyds, (2.23) 



and kt{x,y) is the heat kernel of e . Similar to the discussion in [BeGS p. 363], we 
get 

i^Q„(x,y,t) = kt{x,y) when t > 0, when t < 0, KQ^,{x,y,t) = 0. (2.24) 

Definition 2.1 The operator P is called the Volterra ^DO if (i) P has the Volterra 
property, i.e. it has a distribution kernel of the form Kp{x, y,t — s) where Kp{x, y, t) 
vanishes on the region t < 0. 

(ii) The parabolic homogeneity of the heat operator P + ■^, i.e. the homogeneity with 
respect to the dilations of M" x M^ given by 

A.(^,r) = (Ae,AV), (e, r) G R'^ X R\ A / 0. (2.25) 



In the sequel for g G S(M"^^) and A ^ 0, we let gx be the tempered distribution 
defined by 

(5A(e, r), n(e, r)) = | A|-("+2) (^^(^, T),u{X-^t A-^)) , u G S{R"+^). (2.26) 



Definition 2.2 A distribution g £ S{W^^^) is parabolic homogeneous of degree 
m, m £ Z, if for any A 7^ 0, we have g\ = X"^g. 

Let C_ denote the complex halfplane {Imr < 0} with closure C_. Then: 

Lemma 2.3 ([BeGS, Prop. 1.9]). Letq{^,T) G C°°((R"xR)/O)0AT;B be a parabolic 

homogeneous symbol of degree m such that: 

(i) q extends to a continuous function on (M" x C_)/0 in such way to be holomorphic 

in the last variable when the latter is restricted to C_. 

Then there is a unique g G S(M"+-'^) agreeing with q on W^^^/0 so that: 

(ii) g is homogeneous of degree m; 

(iii) The inverse Fourier transform g{x, t) vanishes for t < 0. 

Let U be an open subset of W^. We define Volterra symbols and Volterra ^DOs 
onU X M"+VO as follows. 

Definition 2.4 Sy{U x ]R"+^) (g) AT*B, m £ Z , consists in smooth functions 

q{x,^,T) on U X M" x M with an asymptotic expansion q ^ Ylj>QQrn-j-, where: 

-qi G C°°{U X [(M" X M)/0]) ® f\T*B is a homogeneous Volterra symbol of degree I, 

i.e. qi is parabolic homogeneous of degree I and satisfies the property (i) in Lemma 

2.3 with respect to the last n + 1 variables; 

- The sign ~ means that, for any integer N and any compact K, U, there is a constant 

CNKai3k > such that for X £ K and for \^\ + \t\2 > 1 we have 



Kdld%-Y,<lm~,){x,i,r)\<CNKapkm + \r\^'^-''-\^\-^^. (2.27) 



Definition 2.5 ^™(C/ x M, AT^-B), m G Z , consists in continuous operators Q from 

C~([/^ X Rt,AT*B) to C°°{U^ X Rt,^T*B) such that: 

(i) Q has the Volterra property; 

(ii) Q = q{x, Dx, Dt)+R for some symbol q in Sy'{U x M, f\T*B) and some smoothing 

operator R. 

In the sequel if Q is a Volterra ^DO, we let Kq{x, y,t — s) denote its distribution 
kernel, so that the distribution KQ{x,y,t) vanishes for t < 0. 

Definition 2.6 Let q„,{x,^,T) G C^^U x (M"+VO)) (S> /\T*B be a homogeneous 
Volterra symbol of order m and let g-m G C°°(C/)(g)S'(]R"^^)(g) AT^*i? denote its unique 
homogeneous extension given by Lemma 2.3. Then: 

- Qmix,y,t) is the inverse Fourier transform of gmix,S,,T) in the last n+1 variables; 

- qm{x,Dx, Dt) is the operator with kernel qm{x,y — x,t). 

The composition of ordinary Volterra symbols naturally extends to a composition 
of Volterra symbols with form coefficients by: 

qoq' := uji A UJ2 q o q' (2.28) 

where q = ojiqi, q' = uj2q2 and qoq' is the ordinary composition of symbols corre- 
sponding to the ^DO algebra multiplication 

A{t:b,^^^{s{t,g))) X a,{t:b,^^^s{t,g))) ^ ^,+,(t;b,vi/™i+™2(5(t,g))). 

(2.29) 



Proposition 2.7 The following properties hold. 

1) Composition. Let Qj G ^y^ {U xR)<S> AT*B, j = 1,2 have symbol qj and suppose 
that Qi or Q2 is properly supported. Then Q1Q2 is a Volterra "^DO of order mi+m2 
with symbol gi o 52 ~ I] ■^,<^^1iDxQ2- 

2) Parametrices. An operator Q = Q™ + Q^™ where Q™ is the order m ordinary 
Volterra ^DO with the paramatrix P and Q^"^ is the order less than m Volterra 
^DO with form coefficients, then let Q = P + Y.{-lf P[Q"'<^ Pf satisfy 

QQ = l-Ri, QQ = l-R2 (2.30) 

where Ri, R2 are smooth operators. 



By (2.11) and (D^ + dt) ^ is a Volterra ^DO of order —2 and i^ni is a first order 
Volterra "^DO, we get 

Proposition 2.8 The differential operator F + dt is invertible and its inverse {F + 
dt)~^ is a Volterra ^DO of order —2. 

Lemma 2.9 ([Pol]) Let Q G ^^([/ x ^,^T*B) have symbol q ~ T.Qm-j and 
Q'm-j = Y.s=i Qm-j,s^^, we have 

Kq(x, X, t) - t'(i+[f 1+1) ^ t'g2[f ]-2z(x, 0, 1), (2.31) 



/>0 



29 



W . 



w/iere g^-j = Y.s=i Qm-j,s 

By (2.24) and Proposition 2.8 and Lemma 2.9, we get 
Theorem 2.10 ([Gr, Thm 1.6.1]) In C°°{M^,End{S{TGz))) (g) AT*B, we have 

fet(x,x)~t"5 J^t'a/(F)(x), t^0+, ai{F){x) = q-2-2i{x,0,l), (2.32) 

where 9-2-2/ (a;, S,, t) is the —21 — 2 order symbol of {dt + F)~^ . 

Similarly, we have 

Proposition 2.11 ([Pol]) Let P : C^{M„S{TGz)) -^ C°°{M„ S{TGz)) be a dif- 
ferential operator of order m and let ht{x,y) denote the distribution kernel of Pe~^^ . 
Then in C°°(M^,End(5(TG^))) AT*B, we have 

/ii(x,x)~t-([fl+t)^t'5,(F)(x), t^0+, 6/(a;) = g2[f]-2-2/(x,0,l), (2.33) 

where 92[-?i] -2-2/(^5 ?)''") ^-^ if^^ 2[y] — 2/ — 2 order symbol of P{dt + F)~^. 
2.2 The local family index formula. 

In this section we shall give a new proof the local family index formula by using 
the Greiner's approach of the heat kernel asymptotics with form coefficients. For 
z & B, denotes by D^ the restriction of D to the fiber acting on T{Mz, S{TMz)). D^ 
interchanges T'^{Mz.,S{TMz)) and T~{Mz.,S{TMz)). Dz,+-, D^- are the restrictions 
of D to r+{Mz,S{TMz)) and r-(M^, 5(rM^)). By the chapter 9 in [BGV], the 
difference bundle over B kerD^^^ — kerD^^- is well defined in the sense of K-theory. 
The family index theorem is to present a calculation of the Chern character of the 
difference bundle as a differential form over B explicitly, we change the normaliza- 
tion constant in the definition of the Chern character. Namely, for a vector bundle 
V with connection form 7 and curvature U, we set Ch(y) = Tr(exp(— C)). Let 
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A{RG) = det^ (^^1^ 



^smh(i?G/2)^ 

Theorem 2.12 (Atiyah-Singer [AS]) 



{2m)-^ / A{R^) (2.34) 

is a representative o/Ch[kerD^^+ — kerDz-]. 

Let F be a complex vector bundle, we can get a twisted index bundle and a twisted 
family index theorem: 

Theorem 2.13 (Atiyah-Singer [AS]) 

r ^ 

(2OT)~t / A{R^)ch{F) (2.35) 

J M^ 

is a representative o/ Ch[kerDf^_|_ — kerDf^_]. 

We prove the theorem 2.12 and wc can get theorem 2.13 similarly. For t > 0, we 
set 

il^t- Hom(5,,5,)§A, (T*S)^Hom(5,,5,)gA, (T*S) hdy^^^hdy^. (2.36) 

By Proposition 4.1 in [Zl], we get 
Proposition 2.14 ([Zl]) For t > 0, 

V'i / TrsA;f(x,x)dx 
Jmz 

is a representative of C\i\keTDz^+ — kerD^^-]. 

In order to prove Theorem 2.12, we only need to prove the following local family 
index formula: 

Theorem 2.15 [ASl] 

liuit^oA TTskl{x,x)dx = {2i7r)-^ l(i?^) (2.37) 

Jm^ Jmz 

Let n be even and End(S'(TM2)) is as a bundle of algebras over M^ isomorphic to 
the Clifford bundle C\{Mz)^ whose fiber C\x{Mz) at a; G M^ is the complex algebra 
generated by 1 and T*Mz with relations 

^r/ + r/-e = -2(e,r/), ^,7]GT:Mz. (2.38) 



Recall that the quantization map c : f\T^{Mz) — )■ C1(M) and the symbol map a = c ^ 
satisfy 

a{c{i)c{r,))=i^r,-{i,r,). (2.39) 

So, for ^ and r/ in AT^(M2) we have 

CT(c(e(^))c(r/(^')))=e^*) Ar?^-'') mod A^^-''-^ T^(M^). (2.40) 

where S}^' denotes the component in /\^T^{Mz) of ^ G /\Ti^{Mz). Recall, if ei, • • • , e„ 
is an orthonormal frame of TxM^, then 

Trs[c(e*i)---c(e^'=)] =0, if A; / n, = (-2i)t if k = n. (2.41) 

We can prove (2.37) at a fixed point xq £ Mz- Using normal coordinates centered at 
xq in Mz and paralleling di at xq along geodesies through xq, we get the orthonormal 
frame ei, • • • ,e„. By 

kt{0,0)=K^{0,0,t)+O{t°°) as t^0+, 

and (2.41), we get 

limt^oV't / Trsktix,x)dx = {-2i)h[mt^o [ a[Vti^Q(0, 0, t)]. (2.42) 

We define the Getzler order as follows: 



degdj = -degdt = degc{dxj) = degc{dyj) = — degx-* = 1. (2.43) 



Let Q G ^*y{W X M, SiJGz) N'T*B) have symbol 
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g(x, e, r) ~ J] j; qk,i{x, ?, r)^W , (2.44) 

k<m' 1=1 

where oj^" G A^TzB and qk,i{x, ^, r) is an order /c symbol. Then taking components in 
each subspace A^T*Mz and using Taylor expansions at x = give formal expansions 

a[qix,tr)] ^^a[qk,iix,^,r)]^'^u;^'^ ~ Yl ^'^[d^QkAO,tr)]^'^uj^'^- (2-45) 

j,k,l j,k,l,a 

The symbol ^a[d^qk^i{0, S,, t)]^^'uj'-''' is the Getzler homogeneous oi k + j + 1 — \a\. So 
we can expand a[q{x,S,,T)] as 

o-[q{x,^,T)]r^'Yq(^rn-j){x,^,r), g(m)/0, (2.46) 

i>o 

where qtm-j) is a Getzler homogeneous symbol of degree m — j. 



Definition 2.16 ([Pol]) The integer m is called as the Getzler order of Q. The 
symbol qt„A is the principle Getzler homogeneous symbol of Q. The operator Qfm\ = 
q(m){x,Dx, Dt) is called as the model operator of Q. 

Lemma 2.17 let Q £ <if\,{W^ x M, S{TGz) ® A*T*B) have Getzler order m and model 
operator Q(^m)- Then as t — )■ 0^ we have: 

a['iptKQ{0,0,t)]^^'^ = n°'^'^{T*B)0{t ''"T'' ) + 0{t ''"T'' ), [f m - j is odd; 

a[i;tKQ{0,0,t)p =t'^''^^KQ^^^{0,0,l)^^^ + 0{t'^'^), ii m - j is even, 

where [i^Q(0, 0, t)]'-'' denotes taking the j degree form component inMz- In particular 
m = —2 and j = n is even, we get 

aii^tKQiO, 0, t)](") = Kq,_„ (0, 0, 1)(") + 0{t). (2.47) 

Proof. By (1.7) in [Pol], we get 

KQ(0,0,t)~ Y. Y.*'"'"''"^'"'qmo-joA^,0,l)J\ (2.48) 

mo— jo even I 

where rriQ is the operator order of Q. And then 

a[Vti^Q(0,0,t)](^-) ~ Yl ^t ^"'"T''''V [g^^_^.^^,(0,0,l)]O-)^W, (2.49) 

mo— jo even / 

Let L = rriQ — jo + j + I- By Q having the Getzler order m, then L < m. Then 

a[V'tKQ(0,0,t)](^-) ~ E E E i'"''^^^['7mo-.o,KO,0,l)](-'^W, (2.50) 

m.o—jo even I L<m 

We note that the leading term degree \s L = m and mo — jo + l = m — j. When m — j 
is odd, since mo — jo is even, then I is odd, then we get 

a[^tKQ{0,0,t)]^^^=n^''''{T*B)O{t'^''^^) + O{t'^''^^). (2.51) 

When L = m and m — j is even, then / is even, in this case, the leading coefficient is 

a[^V)(0'0'l)]^'^ = E^[9^™-J--M(0,0,l)](^')c.m =i^Q^^^(0,0,l)(-''). (2.52) 



The Next term is that L = m — 1 and m — j is even and mo — Jo + ^ + i = rn — 1, then 

j — n — m ^ 
. .Ml II \ \ II Ihcn IMqvI- *-CT*T-r» no / 111 

D 



/ is odd, so m — j — Hs odd and qm-j-i,i{^, 0, 1) = 0. Then Next term is 0{t 2 



In the sequel we say that a symbol or a ^DO is Ocim) if it has Getzler order 
< m. Similar to Lemma 2.8 in [Pol], we have: 
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Lemma 2.18 For j = 1,2, let Qj G ^|.(IR" x R,SiTG^) fg) A*T*B) have Getzler 
order rrij and model operator Qun) o^nd assume either Qi or Q2 properly supported. 
Then we have: 

Q1Q2 = c[Q(^rni)Q{m2)] + C'g("11 + "T-2)- (2.53) 



In the following, we compute the model operator of F in (2.5). Let xq,x G M^ 
and T^{xo,x) be the parallel transport map in the bundle ir* A* {T*B) (g) SiTM^) 
along the geodesic from x to xq, defined with respect to the Clifford connection V^''^. 
Using this map, we can trivialize the bundle tt* A* {T*B) ® S{TMz). We note that 
ei, • • • , e„ is the parallel transport frame with respect to V*^ and so mo(ej) is not a 
constant matrix under above trivialization. But we have 

Lemma 2.19 ([BGV Lemma 10.25]) //c* is the Clifford action of the cotangent vector 
dxi acting on E at xq and e" is multiplication by /" in the exterior algebra A*{T*B), 
we have 

mo(e*) = c* + J^<e"; mo(r) = e", (2.54) 

where nj^ are smooth functions on U satisfying ^^(x) = 0(|x|). 

Lemma 2.20 ([BGV Lemma 10.26]) In the trivialization of E over U induced by the 
parallel transport map t^{xo,x), the connection V^'^ equals d + @, where 

@{di) = -\Y1 ^^(^^' ^3>-^ ^b) m'^m^x^ + Y, frab{x)m''m'' + gi{x)- (2.55) 

j,a<b a<b 

here m^ represents c* or e" and fiab = 0(|a:p) and gi{x) = 0{\x\). 

By (2.5) and Lemma 2.19 and Lemma 2.20, we get 

Proposition 2.21 In the trivialization of E over U induced by the parallel transport 
map T {xq,x) and the normal coordinate, the model operator of F is 

n 1 " 



We note that linit^Qtpt j]^ TTskf{x,x)dx does not depend on the trivialization. 
Similar to Lemma 2.9 in [Pol], we get 

Lemma 2.22 Let Q be a Volterra paramatrix for F + dt- Then Q has the model 
operator (i^(2) + dt)~^ and 

^(F(2)H-aO-(0'0'l) = (4vr)-tl(i?G)_ (2.57) 
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By (2.42), (2.47) and Lemma 2.22, we get Theorem 2.15. 



3 The local equivariant family index theorem 

Let G be a compact Lie group which acts fiberwise on M. We will consider that 
G acts as identity on B. Without loss of generality we can assume that G acts 
on {TG, Htg) isometrically. We also assume that the action of G lifts to S{TG) 
and that the G-action commutes with D. By Proposition 1.1 in [LM], we know that 
IndZ)*^ G Kq{B). Now let us calculate the equivariant Chern character ch^(Ind(D'^)) 
in terms of the fixed point data of i^ G G. Set M'*' = {x G M,(j)x = x}. Then 
TT : M'^ — )• i? is a fibration with compact fibre Mz- By [BGV, Proposition 6.14], 
TG"^ is naturally oriented in Af^. Let A^ denote the normal bundle of M"^, then 
N = TG/TG'^. We fixed a fibre M^ and denote by (j) the lift of </> which maps 
S{T{Mz)x) to S(T{Mz)^x)- We denote by uf the fixed-point set of <j), and for 
a = 0,---,n, we let Mf = [JQ<a<n -^ta^ where Mf^a is an a-dimensional sub- 
manifold. Given a fixed-point xq in a component Mf^a, consider some local coor- 
dinates X = (a;^,---,x") around xq. Setting b = n — a, we may further assume 
that over the range of the domain of the local coordinates there is an orthonor- 
mal frame ei(x), • • • ,eb(x) of Nf. This defines fiber coordinates v = (vi, • • • , ^5). 
Composing with the map {x,v) G Nf{eo) — )■ exp^(u) we then get local coordinates 
x^,- ■ ■ , x", v^,- ■ ■ ,v for Mz near the fixed point xq. We shall refer to this type of 
coordinates as tubular coordinates. Then Nf^eo) is homeomorphic with a tubular 
neighborhood of Mf. 

Theorem 3.1 ([LM]) For any t > 0, the form Str[(/>'(/'texp(— tF)] is closed and that 
its cohomology class is independent oft and represents chg(Ind(L''^)) in cohomology. 

We have 

Str[^V'iexp(-tF)] = Vt / Str[#f (x, 0(x))]dx = ^i / Strfc^+g s_i(x,(^(x), t)]dx. 

(3.1) 
Let Q = {F + at)-2. For x G uf and t > set 

lQ{x,t) ■.= (j){xy'^ (j){exp^v)KQ{exp^v,exp^{(j)\x)v),t)dv. (3.2) 

Here we use the trivialization of S{TMz) about the tubular coordinates. Using the 
tubular coordinates, then 

lQ{x,t) = / (f){x,Oy^(j){x,v)KQ{x,v;x,(l)'{x)v;t)dv. (3.3) 

J\v\<e 
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Let 

Qm-j{x,v;^,jy;r) -.= (t){x,Oy^(j){x,v)q„i-j{x,v;S,,iy;T). (3.4) 

Recall 

Proposition 3.2 ([PW]) Let Q G ^^(M^ x R,E), m G Z. Uniformly on each 
component Mf^a 

lQ(x,t)~ J^t-(t+[fl+i)4(x) as t^0+, (3.5) 

i>o 

where Iq{x) is defined by 

/g)(x) := Yl /^ (C'Z2lf]_2,+H)^^>0;0,(l -,/.'(x))t;;l)dt;. (3.6) 



Similar to Proposition 8.7 in [PW], we have 

Proposition 3.3 Let P : C°°{M,,7r* A T*B (E) S{TM,)) -^ C°^(M^,7r* A T*B (E) 
S{TMz)) he a differential operator of order m. 
(1) Uniformly on each component Mf^a, 



/p(^+a,)_i(x,t)~j;t-(t+[f])+^-4^-)^^^^^_,(x) as t^0+, (3.7) 

i>o 

{2)As t -> 0+, we have 

^SiT[4>Pe-'^] r. Y, j;j;t-(t+[fl+i)+W ^ Str[cpi'^i;,^g^^_,{x)]dx, (3.8) 

0<a<n 7>0 i=l ^ M^^a 



where Ip p,Q\-i{x) denotes the l-degree component of Ip ^ q.i{x) in /\T*B. 



Let 



i(R=')=de.l(-g^j; .,(/;"'); = det-J(l -*-.-"'■*), (3.9) 

Theorem 3.4 (Local equivariant family index theorem) Let xq G M**^, then 



limi^oStr 



xo)Vt/(F+90-i(^o,i) =(-0^(2vr)-^ A(i?^ )z^0(ii'' ) , (3.10) 



?G'^\ l'i?N'^\ ''*-' 



where | • I*-"-* denotes the Berezin integral of the a-degree component in AT*{Mz). 
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Remark. It is easy to generalize the theorem 3.4 to the twisting ^-complex vector 
bundle case. 

By (3.1) and Lemma 8.1 in [PW], as t ^ 0+ 



tpt Str[(f>K(^p_^_Q^)-i{x,(t){x),t)]dx = ipt Sir [(f)lQ{x,(j){x),t)]dx, (3.11) 

By Theorem 3.1, Theorem 3.4 and (3.1), (3.11), we get a representative of ch0(IndD ). 
Let ei,...,e„ be an oriented orthonormal basis of T^^Mz such that ei,---,ea 
span TxgMf and Ca+i, • • • ,e„ span A'jJ, . This provides us with normal coordinates 
(xi, • • • , Xn) — > exp^|j(x^ei + • • • + x"e„). Moreover using parallel translation enables 
us to construct a synchronous local oriented tangent frame ei(x), ...,e„(x) such that 
ei(x), • • • , ea(x) form an oriented frame of TMf^a and ea_|_i(x), • • • ,en(x) form an 
(oriented) frame N'^ (when both frames are restricted to Mf). This gives rise to 
trivializations of the tangent and spinor bundles. Write 

Let A(n) = Aj^M" be the complexified exterior algebra of M^.We shall use the following 
gradings on A(n), 

A(n) = A^-(n) = ^'^'\n), 

^^^■^" l<k<a 

l<l<b 

where A-^(n) is the space of forms of degree j and A ''(n) is the space of forms 
(ix*i A • • • A dx^fe+i with 1 < ii < • • • < ife < a and a + 1 < i^+i < • • • < ij^j^j < n. 

Given a form co G A(n) we shall denote by w"-* (resp., u)^ '^') its component in f\^{n) 
(resp.,A ' (n) ). We denote by |a;|'"''^-' the Berezin integral |a;^*''^'|'"'^^ of its component 

^M) in A(*'0)(n). 

Lemma 3.5 Let A G End(S'„), then 

^ti[4>A] = (-2i)t2-idet^(l-(/>^)|a(y4)|(«'0) + (-2i)t ^ |a((^)(°'^')a(^)('^'^-^')|("). 

0<6'<6 

(3.12) 



Similar to Proposition 2.21, we get the same expression of the model operator of F 
in the trivialization of E over U induced by the parallel transport map t(xo, x) about 
V and the normal coordinate. We will compute the local index in this trivialization. 

Lemma 3.6 Q £ ^y(M" x R, S) <^ ^{T*B) has the Getzler order m and model 
operator Q(rn). Then as t — )■ 0+ 
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(1) a[V't/Q(0,t)](j) = n°^'^{B)0{t ' ""2° ) + 0(t ' "^2° ) i/m-j is odd. 

,,/.\ ,7— rn. — a — 2 /.\ ,i j — m — a — 1 j — m — a 

(2)a[V;i/Q(0,t)]W=O(t^^)/Q(„)(0,l)W+J7°<i'i(S)O(t^^)+O(t^) 
if m — j is even. 
In particular, for m = —2 and j = a we get 



a 



[^,/Q(0,t)]('^'0) =/Q(_2)(0,l)('^'°)+O(ti). (3.13) 



Proof. By the change of variable formula for symbol, similar to (9.23) in [PW], we 
have 



l«l + l/3| - ItI - ^ even '-^ 
T<m', 2|7| < |/3| 

where m' is the operator order of Q and 

and the Oa j{x' , v) are smooth functions such that a^ j{x) = 1 when /3 = 7 = 0. Since 
Q has the Getzler order m, then all the coefficients /-. i , with 1+ 1 + / — lal > tti is 

— a| + |/?| — I7I— ^— 7— (a + 2) j — m — g — 2 , 

zero. So, if Z + j + / — |a| < m and 2|7| < |/3|, then t 2 is 0(t 2 ) 

j— m — g — 2 ^ — 

and even is o{t 2 ) if we have I + j + I — \a\ < m or (/3, 7) / (0, 0). 

Observe that terms in asymptotic (3.14) containing integer powers (resp. half 
integer powers) of t when / is even (resp. odd) since a is even. When m — j is odd, 

j — m — a — 2 11 

the leading term is 0{t 2 ) which is a half integer, so its coefficient in Q [B) 
and (1) is correct. When m — j is even, similar discussions show that 

cT[^i/Q(0,t)](^') = 1^^""X-S)0(^ '""^""' ) + ^°^'^(B)0(t ''"'2'°'' ) + 0(t"^f^). (3.16) 
Then similar to the discussions in [PW], we prove (2). □ 

By (3.12) and Lemma 3.6 (2) and (3.13) and Lemma 9.13 in [PW], we get Theorem 
3.4. 

4 The equivariant JLO character for a family of the 
Dirac operators 

In [CH], Chern and Hu computed the equivariant JLO characters for the invari- 
ant Dirac operators. In [Az2], Azmi computed the JLO characters for a family of 
Dirac operators. In [Az3], Azmi constructed an equivariant bivariant cyclic theory, 
as a combination of equivariant cyclic and noncommutative de Rham theories for 
unital G-Banach algebras, where G is a compact Lie group. By incorporating the 
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JLO formula and the superconnection formalism of Quillen, an equivariant bivariant 
JLO character of Kasparovs G-bimodule is defined, with values in the bivariant cyclic 
theory. In this section, following the ideas in [CH], [Z2] and [Fe], we compute the 
equivariant JLO characters for a family of the Dirac operators. 

Let C^{M) be the Banach algebra which is the completion of C'^{M) with respect 
to the norm |/| := ||/|| + ||[D, /]||, for / G C°°(M). The commutator [D,f] extends 
to a bounded operator on "H = L'^{M,S{TG)). The algebra C^{M) acts on L{T-L) ( 
bounded operators on %) by multiplication. Thus, (^, D) defines a 0-summable Fred- 
holm module on C{M). Denote by A the projective tensor product of the Banach 
algebras C^{M) and C°°{B), i.e A = C^ {B)®C'^ {M) , with the projective tensor 
product norm. 

Let >I = AS (g) ^ be a A - ^^{B) bimodule, where A acts on the left of M 
by letting C°°{B) act on f\{B) by multiplication by left and C^{M) acts on T-L while 
f\{B) acts on A^ by multiplication from right. And there is a continuous C°°{B) 
valued inner product on M. There is an obvious continuous action of G G on A^, 
by letting act on Ti via (p and on AB via the identity map. Let Bt = ^/t^pti^3) be 
the rescaled Bismut' superconnection with the rescaled curvature Ft = Bf = tiptiF)- 
If /ij (g /j G A, < i < 2k are operators on 7W, we define the equivariant bivariant 
JLO character: 



Chafe (^i)((/))(/io ^ /o, • • • , /i2fc ^ /2fc) = t^ I Str ^t#o foe 

'Aafc 



-tsiF 



• [B, hi ® /i]e-*(^2-^i)^ . . . [B, h2k ® /2fc]e-*(i-^^'=)^] ds, (4.1) 

where Aafc = {(si, • • • , S2A;)| < si < • • • < S2fc ^ 1} is the simplex in M^*^. We will 
compute 

limt^oCh2fc (St) (./.). 

In the following, we give some estimates about Ch2fc(fif)(0). Since B is compact, 
we can fix a fibre Mz and estimate Ch2fc(St)(0). Let H he a, Hilbert space. For ^ > 0, 
denote by \\.\\q Schatten p-norm on the Schatten ideal L^ . L[H) denotes the Banach 
algebra of bounded operators on H. 

Lemma 4.1 ([CH],[Fe]) (i) Ty{AB) = Tt{BA), for A, B € L{H) and AB, BA G 

L\ 

(ii) ForAeL^, we have \Tr{A)\ < \\A\\i, \\A\\ < \\A\\i. 

(Hi) For A e LI and B € L{H), we have: \\AB\\q < \\B\\\\A\\q, \\BA\\q < ||5||||^||g. 

(iv) (Hdlder Inequality) If l = ^ + ^, p,q,r > 0, A e LP, Be L«, then AB G L'' 

and \\AB\\r < \\A\\p\\B\\g. 

Lemma 4.2 For any u > 0, t > and t is small and any order I fibrewise differential 
operator B with form coefficients, we have: 

||e-"*^:B||„-i <Qn-it-|(tr[e~^])". (4.2) 
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Proof. By (2.7), we have 



m>0 ^^ 



•F[+] • • • e"''— 1"*^ F[+]e-^'""*^ S(ii;| |„-i , (4.3) 

We estimate the term of m = 2 in the right hand of (4.3), other terms are similar. 
We spht A(2) = Jo U Ji U J2 where J, = {{vo,vi,V2) G A(2)|t;i > \}. 



{utfW I e-''»"*^V[+]e-"i"*^V[+]e-''2"*^'5dv|U-i 
J Jo 

<(nt)2 / ||e-^^ ||(„.„)-i||e- — "" {I + D^)-\\\\{1 + D^)-- F^^^{1 + D^)-\ 

Jjn 



|e-^^"*" 11(^0-11(1 + ^ )"~^[+](l + ^ )^lll|e""' ll{™2)-i||l + ^')"^^IM^ 



tn2\™0/„ ,n2\«K+«2) 



<(nt)" / (Tre-2^ ) ( Tre"'^ ) (nt-ot) 

Jjo 



1+2 



l + Z)2)-^F[+](l + i?2)¥||||(l + Z)2)-^F[+](l + D2)^||||l + D2)-|s||di; 



ln2 



< C2 (Tre-5^ j (Mt)'3+^ (4.4) 

where we use -Fn 1 is a fibrewise first order differential operator and the equality 

l_ utx \ __ i. _ ^~^^ 

sup{(l + x)2e 2 } = (ut) 2e 2 . (4.5) 

In the above estimate, we omit the norm of coefficient forms since B is compact. For 
Ji and J2 we have similar estimates. For the general m, we get 

•F[+]e-^'-«*^':Bd«||„-i < C2 (Tre"i^y (nt)-^+f . (4.6) 

By (4.3) and (4.6), we get (4.2). □ 

Lemma 4.3 Let Bi, B2 be positive order p, q fibrewise pseudodifferential operators 
with form coefficients respectively, then for any s, t > 0, < u < 1, we have the 
following estimate: 

||5ie-"^*^S2e-(^-")^*^|U-x < C,,,.-^t-^(tr[e-^])^ (4.7) 
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Proof. Similar to the proof of Lemma 4.2, we have when t is small and u> ^^ 

11(1 + Z)2)-f e-("-5)«*^(i + i^2^f II < Co; ||e-(i-'')^*^|| < Ci, (4.8) 

where Co, Ci are constants which do not depend on t, u. When u > ^, by Lemma 4.2 
and (4.8), we have: 

||;g^g-«stF;g^g-(i-«)stF||^_^ 

< ||5i(l + Z?2)-f 1111(1 + Z)2)f e-i^*^(l + i?')2 11,-1 

11(1 + D2)-f g-(«-i)stF(;^ ^ Z?')2 1111(1 + Z)2)-f:B2||||e-(i"«)^*^|| 

<C,,.-^r^(tr[e-^])^ (4.9) 

where we use 

1(1 + i?2)f e-5-*^(l + D^)i\l-^ = \\e-\''^{l + i?2)4^||,-i. (4.10) 

When li < 2) by Lemma 4.2, we have: 

<||Sie-«^*^(l + Z)2)-f 1111(1 + i?2)|;B2e-^'*^||s-i||e"^'-"-^^'*''ll 
<C,,.-^t-4^(tr[e-^])^ (4.11) 

By (4.9) and (4.11), we prove this lemma. □ 

Let -B be a fibrewise operator with form coefficients and I be a positive interger. 
Write 



Lemma 4.4 Let B a finite order fibrewise differential operator with form coefficients 
, then for any s > 0, we have: 

e-^^B = Y, ^s'B^%-^^ + (-1)^.^:b'^'(s), (4.12) 



z^o '' 



where B (s) is given by 



S'^V.) 



f e-"i^^s'^^e-(i-"i)*^duidn2 • • • duN- (4.13) 



Proof. Here we use Lemma 1.9 in [BeC], 

[A,e-^] = - [ e^'^[A,F]e-^^-''>^ds, (4.14) 
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then similar to Lemma 3 in [Fe], we can prove this lemma. □ 

For hj C?) fj, we have 

[B, hj fj] = dB{hj fj) A +/i ® [D, /]. (4.15) 

Write Tj is dsikj <^ fj)A or h(^ [D, f],l < j < 2k and Tq = /iq (X" /q. By Lemma 4.4, 
we have: 

^^ ('_nAi+-+A2fc„ Ai . . A2fe.Ai+---+A2fc ^ , ^ ^ 

= E ^^^ , , f' ro[Ti][^^i...[r,,][^-]e-*^ 

^"^ Ai! • • • A2fc! 

Ai,---,A2fc=0 

+ E E -^ ATTT-rrr^ ^''t^^i^'' 

l<(?<2fcAi,---,A,_i=0 ^ 

Since To[Ti][''*i] • • • [T|j_i]['*'«"il is a Ai + • • • + Xq-i order differential operator and by 
the lemma 4.2 and the lemma 4.3, we get (see pp. 61-62 in [Fe]) 

^2fe l<g<2fcAi,.,A,-i=0 Ai.---Ag_i. 

••• [T,_i][^^-il{[T<,][^l(s,t)}e^(^^+i-^')*^ •••r2fce-(i-^2fe)tFrf^|| ^ o(t r^ ' 

(4.17) 
So we get 

Theorem 4.5 (1) if 2k < dimM, then 

Ch2fc(Bt)(0)(/lo (» /o, • • • , /i2fc O /2fc) 
dimAf-2fc ,'_-|\Ai+---+A2fc 

= V't E M ^^Ctl^l+'=Str[</)To[ri][^i] • • • [T2,][^2'=]e-*^]+0(Vt), (4.18) 

wii/i t/ie constant 

C= f4 19) 

A1 + IA1 + A2 + 2 Ai + --- + A2fc + 2A:' "■ ' ^ 

(2) if 2k > dimM, then 

Ch2fc(St)(</.)(/iO /o, • • • , /i2fe » /2fc) = 0. (4.20) 
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Write Pk,x ■■= ro[Ti][^il • • • [Tsfcjt^^fe]. We will compute 

lim,^o+^t*'^'+''Str[^Pfe,Ae-*^]. 
By Lemma 2.18 and Proposition 2.21, we have 

(T{Pk,x) = ro[F(2), a(Ti)][^il • • • [F(2), ^(r2fc)][^2.] + o^(2|A| + 2fc - 1). (4.21) 

Direct computations show that 

[i^(2),^(T,)] = Og(2), OG([F(2),a(T,-)]["^l) < 2A, + 1. (4.22) 

Then when (Ai, • • • , A2A;) / (0, • • • , 0), then 

OG{Pk,x) = OG{2\X\+2k-l); OG{Pk,x{F + dt)-^) = OG{2\X\+2k-3). (4.23) 
By Lemma 3.5 and Lemma 3.6 (1), we have 

cT[^i/p^^^(^+a,)-i(0,t)]("'0)=17°'id(ij)o(rl^|-'=+^) + O(t-l^|-^'+i) (4.24) 

So in this case, 

limi^o+V'tt'^'+''Str[0Pfc,Ae-*^] = 0. (4.25) 

When (Ai,---,A2fc) = (0,---,0). Then OGinTi- ■ ■T2k) = 2k and OG{PkAF + 
dt)~^) = OG{2k-2). The model operator of Pfc,A(i^+5i)-^ isToa{Ti) ■ ■ ■ a{T2k){F(2) + 
dt)^^- By the lemma 3.6 (2), we get 

lim,^o+i'^[V't/p,,,(F+ft)-i(0'*)]^"'°^ = ^o^(ri) • ■■aiT2k)I^F,,,+d,)-^{0, 1)('^'0). 

(4.26) 
By (4.25) and (4.26) and the lemma 9.13 in [PW], we get 

Theorem 4.6 

limt^o+Ch2fe(6t)((/>)(/io (X" /o, • • • , /i2fc «> f2k) 

= 7^H)^E(2^)"^ /. ToaiT,)...aiT2k)A{R'''HiR''')- (4-27) 

(2«;)! a J^lt/B 



5 The regularity of the equivariant eta form 

5.1 The regularity of the equivariant eta invariant 

In this section, we firstly will prove the regularity of the equivariant eta invari- 
ant by the Greiner's approach of the heat kernel asymptotics. Then we define the 
equivariant eta form and prove its regularity. 

Let X be a compact oriented odd dimensional Riemannian manifold without 
boundary with a fixed spin structure and 5 be the bundle of spinors on X. Denote by 
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D the associated Dirac operator on H = Lp'{X;S), the Hilbert space of L^-sections 
of the bundle X. Suppose that (j) acts on X by orientation-preserving isometries and 
(f) has a hft (j) : T{S) — )■ T{S) (see [LYZ]), then we have (j) commutes with the Dirac 
operator and </> is a bounded operator. Then the equivariant eta invariant is defined 

by 

r]^iD) = -- / -Tr[0De-*^']dt. (5.1) 

V^ Jo t2 



Theorem 5.1 ([Z3]) yls t ^ 0+ 

Tr[^L'e'*^']~0(ti). (5.2) 



We introduce an auxihary Grassmann variable z as in [BiF] and set Og{z) = 1. 
By the Duhamel principle, we have 

exp(-t(D2 - zD)) = exp{-tD'^) + ztDexpi-tD"^). (5.3) 

Set 

1 " 
h{x) = l + -z'^Xic{ei), (5.4) 

where (xi, • • • , Xn) is the normal coordinates under the parallel frame ei, • • • , e„ and 
we consider h as hx where x is a cut function about (xi, • • • , x„). By [Z3], we have 

hc{ei)h-^ = c{ei) + Og(0); h{D'^ - zD)h-^ = D^ + zu, (5.5) 

where Og{u) < 0, n contains no z and the equality 

ztDeyip{-tD'^){x, y) = h'''^{x)exp{-t{D^ + zu){x, y))h{y) - exp{-tD'^){x, y) (5.6) 

Let 

{D'^ + zuY^ = D-"^ - zD-'^uD-'^ . (5.7) 

We may consider D^ + zu as the operator with 1-form coefficients on X x S*^. Then 
the Greiner's approach of the heat kernel asymptotics with form coeffcients in the 
section 2.1 is correct for D^ + zu. By 

(Z)2 + ZU + dt)-^ = {D + dtY^ - z{D + dty^uiD + dty^. (5.8) 

K(^j:,^+^^+Q^)-i{x,y,t) = Kp+g^)-2(x,y,t) - ^i^(D+9t)-2„{D+90-2(a^>y>*)- (5-9) 
Then 

4){x)h'^ (a;)i^(D2+2„+9t)-i {x, (t){x) , t)/i((/>(x)) = 4){x)h'^ {x)K(o+dt)-^ i^^ 4>{x),t)h{4){x)) 

-z(t>{x)K(^D+dt)-MD+dt)-^ (.X, (p{x),t). (5.10) 
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Recall since the dimension n is odd, we have 



2[n/2] 


if yfc = 




^\[n/2]+l2[n/2] 


if < /c < n 
if k = n 



Tr[c(e*i)---c(e"=)] = <^ if < /c < n (5.11 

i (-i)K2: 

Similar to the lemma 3.5, we have: 

Lemma 5.2 Let A G Cl°'^'^(n) C End(S'„), then 

Tt[4>A] = (-i)'^2^2-idet5(l - 0^)|a(A)|('^'O) 

+ (-i)^2^ ^ |a(0)(O'^')a(^)("'^-^')|("). (5.12) 

0<6'<6 

We know that the lemma 9.12 in [PW] is also correct for the odd dimensional 
manifold X and a is odd. {D + dt)^^u{D + dt)^'^ has the Getzler order —4 and odd 
Clifford elements. By Lemma 8.1 and Lemma 9.12 in [PW] and the lemma 5.2 for 
{D + dt)-^u{D + dt)-^ and j > a, so 

3 

Tr[(/'i^(Z)+a,)-2„(£,+g^)-2(a;,(/>(a:),i)]da; = 0(t2). (5.13) 

By (5.10) and (5.13), in order to the theorem 5.1, we need to prove 

^{x)h-\x)K^D+Q^)-2{x, (P{x),t)h{(l){x)) = ^{x)K^D+9^)-2{x, (Pix), t) + 0(ti). (5.14) 
This comes from the equality 

1 " 

h''^{x',v)c{ei)h{x',<j)'{x)v) = c{ei) + -zc{ei) ^ [{(j)'{x) - l)v]jc{ej) - zxi, (5.15) 

j=a+l 

and (/) only contains the Clifford elements c(ea4-i), • • • , c(e„). 

5.2 The regularity of the equivariant eta form 

In this section, the fundamental setup is the same as the section 2.1. But we 
assume the dimension n of the fibre is odd. Let (p be an isometry which acts fiberwise 
on M. We will consider that 4> acts as identity on B. Let Tr*^™° denote taking trace 
on the coefficients of even forms on B. Then the equivariant eta form is defined by 

Vicp) ■■= / Tr^"<=°[(/.^e-^?]dt. (5.16) 

Let T be the torsion tensor of V® and c{T) = J2i^a<i3<m dyadyj3c{T{^, sf^))- ^^^'^ 

vi'P) = j^ ^Tr--[^,^(D + ^)e-*^]dt. (5.17) 
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Lemma 5.3 As t ^ +00, we have 

=TV<'^''°[V't^P + ^)e-*^l ~ 0(t-5). (5.18) 



rruevenr ;. i,,'7~i i "^v M^-t-Fl 



3 . 



2Vt' 
Proof. By (2.7), we have 

TL.cvenr„;, T,' n , '^v^ / 



m,>0 ™ 



2^^ m>0 ^^ 



Using the differential operator Fni instead of c{dfi) in the lemma 2 in [CM2], although 
F[+] is unbounded operator, we can use the similar estimates as in the lemma 4.4 in 
[BeC] and get 

-^yZi-^r [ Tr<=^''°[V'i0^e-'""*^' 



m>0 

3 , 



•F[+]e-"i*^'F[+] • • • e~"'=-i*^'F[+]e-"'=*^']da ~ 0{t-l). (5.20) 

Let ^ = D + So + 5i, then F[+] = [Z),So + Bi] + {Bq + Bif . [Bq + Bif is a 
bounded operator. In the second term in (5.19), if D emerges, then by the above dis- 
cussions, it is 0(t^2 ). Otherwise, (Bq + Bi)'^ in each Fn 1 emerges, it is still 0(t~2 ). n 

Let ei(x), • • • e„(x) denote the orthonormal frame of TG. If A{Y) is any order 
operator depending linearly on y € TM, we define the operator (Vg^ + A[ei))'^ as 
follows 

n 

(Ve, + A{e,)f = E(Ve.w + A{e,{x))f - Vj^^. v.^^e, - ^(E ^-.^j)- (5-21) 
1 i 

Then by [Bi2], we have 

1 1 

^ = -(Vg + 2 < S{ei)ejJa > e,dy, + - < 5(e,)/a, //3 > dya^^y/s)' + ^- (5.22) 

Set 

1 " 
h{x) = l + -dt^Xiei. (5.23) 



Then we have 



2 



/ici/j-^ = Ci + dtOG{< -1); h{-eidt)h ^ = -Cidt, (5.24) 
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hSjfh-^ = V^ - -dtti + dtOG{< -1); (5.25) 

h{- < S{ei)ej,fa > ejdya)h'^ = -< S{ei)ej,fa > ejdya + dtOG{< -1); (5.26) 

h{- < S{ei)fa,ff3 > dyadyp)h~'^ = - < S{ei)fajp > dy^dyp. (5.27) 



By the proposition 2.10 in [BeGS], we have 

F + dt{D + ''^) = -{V% + \{S{e.i)e,J^)ejdya 



+\ {Siei)U, fp) dy^dyp - ^eidtf + ^, (5.28) 



By (5.24)-(5.28), we have 



^(^)..-i 



h[F + dt{D + -—^)]h-^ =F + dtu, (5.29) 

where Og{u) < 0. By the Duhamel principle, we can get 

t(itTr<=^<=°[^(D+^)exp(-tF)] = Tr^^'=°[0exp(-tF)]-Tr°™^[0/i~iexp(-t(F+dtu))/i]. 

(5.30) 
Then 

^^Xr--[^(D + 2^)^p^expi-tF)] = Tr--[^Vtexp(-tF)] 

-Tr"™^[(^/i-Vtexp(-t(F + dtu))h]. (5.31) 

We know that the lemma 3.6 is still correct. When we take Tr''™'^, the terms having 
coefficients in i7° vanish. Similar to the section 5.1, we can get 



Theorem 5.4 As t ^ 0^ , we have 

Tr''^'"'[ijt^{D + ^)e''''] ~ 0(tt). (5.32) 



c(^)^„-tFl 



1 , 



By Lemma 5.3 and Theorem 5.4, the equivariant eta form is well defined. When 
n is even, we define 

JO dt 

Similarly, we can prove the regularity in this case. 



roD —fin 

V{<P) := / Tr°d<i[0^e-^'1dt. (5.33) 
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